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ABSTRACT.   Functions are from  R x R  to  R,  where  R represents the set

of real numbers.   If  c  is a number and either  (1)    f   G2  exists and   f    G ex-
rb h J a Ja

ists,  (2)   ]a G    exists and    JR   (1  + G) exists and is not zero or (3) each of

II   (1 + G)  and    II  (1  — G) exists and is not zero, then   f   cG exists,
a a J a

/a|cG -JcG\ = 0,      ny(l   + cG) exists  for     a < x < y ± b     and

J£ |l + cG —11(1 + cG)\ ~ 0.   Furthermore, if H is a function such that

lim     __ H(x, p),  lim„_>.+//(p, x),  lim .._ H(x, y) and lim ^+ H{x, y)
x->p ' r" x—p1     f     " x,y—p        x   ' " x,y-.p ' J

exist   for each  p « [a, b],  n > 2 is an integer, and  G  satisfies either (1), (2)

or (3) of the above, then f* HGn exists,  /* |zVG" - j"z7G"| = 0,    Hy (1 + zVC")

exists for a < x < y < b  and /^ |l + zYG" - n(l + z7C")| = 0.

All integrals and definitions are of the subdivision-refinement type, and func-

tions are from R x R to R, where  R represents the set of real numbers.   Further-

more, functions are assumed to be defined only for elements ¡x, yi of R x R

such that x < y, and  G(x, x) = 0.   The statements that G is bounded,  G £ 0P°,

G £ 0Q° and  G £ OB° on  [a, b] mean that there exist a subdivision  D of [a, b]

and positive numbers  B and c  such that if / = Jx   }"  is a refinement of D, then

(1) \GÍu)\ <B    fot  u £ /(/),

(2) |IK(l + Gq)\ < B    tot  1 < i < j < n,

(3) |IK(1 + Gg)] >c    tot 1 < i < j < n, and

(4) 1¡(¡)\G\<B,

respectively, where  G   = G(x       , x  ) and  /(/) = f[x     ,, x ]}".   Similarly, state-

ments of the form G > b should be interpreted in terms of subdivisions and re-

finements.   The symbols  GÍp, p  ), GÍp~, p),  GÍp , p ) and GÍp~, p~) are used

to denote  limv      + GÍp, x),  lim G(x, p),  lim + G(x, y), and
x -* p x —* p x ty -* p

limx    ^       G(x, y), respectively.   Further,  G e OL° on [a, b] only if Gip,p ),

Gip~, p), GÍp  , p  ) and Gip~, p~) exist for each p £ [a, b], and  G 6 OL14  on

[a, ¿z] only if G £ 0L° on  [a, b] and  G(p+, p+) = G(p_, p") = 0 for each p £

[a, b].   For convenience in notation, when we consider a function  G defined only
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on intervals   [x, y]  such that a < x < y < b, we adopt the convention that

G(a-,a~) = Gia-, a) = Gib*, b+) = Gib, b+) = 0.

Also, G £ OA° on  [a, b] only if /* G exists and  /* |G - /G\ = 0, and G e OM°

on [a, b] only if xIF (l + G) exists for a < x < y < b and /* |l + G - 11(1 + G)|

= 0.   The sources of these definitions are [3, p. 299], [4, p. 493], [5] and [7].

Lemma 1.1.   //   f   G2  exists and fb G exists, then G £ OLXA  on [a, b].

The proof of Lemma 1.1 is straightforward, and therefore we omit it.

Lemma 1.2.   // ß > 0,   \G\ < 1 - ß on [a, b], f* G2  exists and /* G exists,

then   II    (1 + G) exists and is not zero [6, Theorem 5].

Lemma 1.3.   // G is bounded on [a, b] and    II   (l + G) exists and is not

zero, then  G £ 0P° and  OQ° on [a, b] [7, Theorem 2].

Lemma 1.4.   // G is bounded on  [a, b] and    II   (l + G) exists and is not

zero, then G £ 0M° on  [a, b].

Indication of Proof.   This lemma follows from Lemma 1.3 and a result of B.

W. Helton [3, Theorem 4.2, p. 305L

Lemma 1.5.   // fb G exists, then  G £ 0A° on [a, b].

This result is due to A. Kolmogoroff [8, p. 669].   The reader is  also referred

to results by W. D. L. Appling [l, Theorems 1, 2, p. 155] and B. W. Helton [3,

Theorem 4.1, p. 304].

Lemma 1.6.   If E = [p .¥.   is a set of distinct points from [a, b] and F, G

and H are functions defined on  [a, b] such that

(1) G eOL° on [a, b] and /* G exists,

(2) if p £ E, then H(p, pA and H(p~, p) exist, and

(3) if a <x < y < b, then Fix, y) = G(x, y) if x 4 E and y 4 E and Fix, y)

= Hix, y) if x £ E  or y £ E,

then   f    F  exists and is
J a

£ G + £  ["(p. P+) + "(p" P) - Gip, p+) -Gip-, p)].
peE

The proof of Lemma 1.6 is straightforward, and therefore we omit it.
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Lemma 1.7.   If E = \p .}T.   is a set of distinct points from  [a, b] and F, G

and H are functions on  [a, b] such that

(1) G e OL° on  [a, b]   and    IIfr (1 + G) exists and is not zero,

(2) if p £ E, then  Hip, p+) and Hip', p) exist, and

(3) ifa<x<y<b, then Fix, y) = G(x, y) if x 4 E and y 4 F and Fix, y)

= Hix, y) if x £ E or y £ E,

then    II   (l + F) exists and is
a

i II* (1 + G)\ ■ j II  U + W(p, p+)][l + Hip-, p)] !

• j n ti+g(p> p+wi + c(p-, p)][ .
(peE J

Furthermore,  F £ OM° on  [a, b].

Proof.   We first show that    Ub (l + F) exists and is  P, where
a '

P = \aUb (1 +G)1[P1][P2]-1,

pi = n [i + Mp, p+)][i+ Hip-, p)i
peE

and

p2= n [i+ex?, p+)][i+Gip-,p)i
peE

Since  G £ 0L° on  [a, b], it follows from the covering theorem that  G is bounded

on [a, b].   Hence, it follows from Lemma 1.3 that G e 0P° and OQ° on   [a, b].

Let  ( > 0.   There exist a  subdivision D.   of [a, Zz] and a number B > 1 such

that if / = ix   Ig  is a refinement of D.,  then

(1) |IK (1 + G )| <B for  1 < / </<«,

(2) |Pj| <B and  |[P2]_1| < B, and

(3) |an& (1 + G) - n;(/) (1 + G)\ < ei3B2)-x.

Let 8 be a positive number such that if

p.-8}<X.<p.<y.< \p.Í  S

fot  1 < i < r, then
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1 - ÍP2rIjfl [1 + G(x., p.)][l + Gip., y.)]l <f(3ß2r+1)2r + l\-l

and

Pj-Il tl + Hix., p.)][l + H(p., y.)]
1=1

<e(3ß2r)_1.

Let D denote the subdivision of [a, b] consisting of

Dx u \p. - 8\\ u ¡p. + ST, u Mp. + p.+1)|rf J u F

less any elements which are not in  [a, b].   Suppose   /  is a refinement of D.   Let

K(/) be the subset of /(/ ) such that zz £ Kil) only if neither end point of u be-

longs to E.   Note that no interval in /(/) can have elements of F at both end

points.   Let L(/) = /(/)- Kil).   Thus,

n (i + F)-p|<|n d + F)-("n (i + G/ltp^p-r1
jo) ¡HD L/(/) J

[n (i+g)][p1][p2]-i-p|

n (i + F)-[n ci+g)1[p1][p2]-1
L(f) Ll(/) J

n (i+F)-[n ii+G)][PAiPA-x\ + {
-(/) Ll(/) J 3

n (i + f)-pj + s^ipjIi-[n íi + g)\[p2]-x
LU) LL(7) J

n (l + G)
K(i)

+ e(3B2)-1B2\-ln2

< B 27

< B 27 ♦Í

< f(3B2r)_1ß2'' + eÍ3B2, + 1)"1B2,+ 1 + f/3 = e.

Therefore,  anfe (l + F) exists and is  P.

We now show that F e OzVl° on  [a, b].   Since it can be shown that    IF (1 + F)

exists for a < x < y < b by an argument similar to the one used in the preceding

paragraph, it is only necessary to show that

jMi + F-nd + F) = 0.
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Let e > 0.   As noted in the previous paragraph,  G £ OP° and  00° on  [a, b].

Hence, Lemma 1.4 implies that G £ OM° on [a, b].   There exist a subdivision

D,  of [a, b] and a number B > 1  such that if jx   !" is a refinement of D,,  then
1 q   0 1 '

(1) |IE (1 + Gg)| <ß for 1 < /'</'<«,

(2) |1 + F  | < B and  |1 + G  | > 1/B for  1 < q < n, and

(3) ££=1 |1 + G9 - ny   (/) (1 + G)\ < ¿5B2)-X, where  ]q  is a subdivision of

[» j, x  ] for   1 <q <n.

Let 5 be a positive number'such that if 1 < i < r and

Pia-S}<x;<Xz<Pi<y><yi<\PiU,

then

(1) |F(x.,p.)-F(x;,p.)|<f(10r)-\

(2) |F(p.,y.)-F(p.;y;)|<f{ir>)-1,

(3) |G(x., p.) - G(x; , p.)\ < eilOrBA- X, and

(4) |G(p., y.)-G(p., yp^fdOrß3)-1.

Let D denote the subdivision of  [a, b] consisting of

DlU{p.-8\\u \pi + 8}\u \y2ipi + Pi^)}\-xuE

less any elements which are not in  [a, b].

Suppose  /

be a subdivision of [x      ,, x  ] such that
9-1     <?

x   }n  is a refinement of D.   For  1 < » < «, let  /
q.i'O

¡77(<?)

n 9(i + f)- n d + F>
*«-i ;a(/)

5zz

Also, for  1 < q < n,  suppose

(1) q £ U only if [x       , x ] does not have a point of E as an end point,

(2) q £ Vil)  only if  xq £ E,  and

(3) q £ VÍ2) only if x e E.

Note that  D  is defined so that  q  cannot belong to both   VÍl) and  VÍ2).   For q £

V(l),  let

(1) K   =tx    .R*«*"1,
v   '       ? g,z 0 *

(2) F   = Fix      .       ,,x      ,  .), and
v   '       « <?,n(<j)- 1'     q,n(q)

(3) G' = G(x      , ,   ,, x      ,  .),
v ■"       ? 9,7z(«)-l'     Q,n(q)

and for o e V(2), let

(1)   Kq = \xq^\

(3)   G' = Gixq<0,xql).

If a £ V(l) or V(2), then II,   ,,, (1 + F) = (1 + F ')!!„   ... (l + G) and
' J q\l 1 q      Kg(l )

ny?(/)(l+G) = (l + Gj)nK?c/)(l + G).   Thus,
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Z
17=1

1 + F - rf*(i+F) <z
8=1

i+F - n (i + F)
/«o

+î

-2
qtU

l + G - n (l+G)
/»(')

+ z z
¿=1 qeVU)

i+f - n (i+f)
;,</>

<I+Z z
i=l«£V(i)

1 + F -Ü+F')    H   (l+G)
a a        A A■V')

<z z u+f;i
1 = 1 qeV(i)

i- n (i+G) +z z \pm-p:\*¥
Kq(I) i=lqeV(i)

<ßZ z
1 = 1 qeVU)

i- n (i + G)
Kq(l)

+ [2r][f(lCr)-1]+^

ßZ Z   Id+ c)
i=l ?eV(i)

-ll 1 + G   -(1 +G ) (l+G)
q i     **

K,(/)

<ß2Z z
i=l *€V(i)

<ß2Z z
t=l 9eV(i)

l+G   -(l + G)   II    (l + G)
" *    KqU)

l+G - n (i+G)
;„(/)

3t+ T

ß2Z    Z     IG   -G'|
i=l qeV(i)

Il     (l+G)
3<T

<B2[f(5ß2)-1] + [2rß3][i(l0rß3)-1]+y = 6.

Therefore,  F 6 OzW° on [a, b].

Theorem 1.   // fb G2  exists, fb G exists and c  is a number, then cG £ OMc

and 0A° on [a, b].

Proof.   Since it follows from Lemma 1.5 that cG e 0A° on [a, b], we need

only show that cG £ 0M° on [a, b].   Since G e 0LXA on [a, b] [Lemma l.l],

there exists a subdivision D = (x  ¡^   of [a, è] such that if 1 < a < 72 and x

< x < y < x      then  |cG(x, y)| < l/7.   Let  F be the function such that

(1) Fix, y) = cGix, y) ii x 4 D and y 4 D, and

(2) Fix, y) = 0 if x e D or y e D.

Thus,   |F| < l/2, and Lemma 1.6 implies that jb F2 exists and y F exists.

Therefore,     II   (1 + F) exists and is not zero by Lemma 1.2, and hence, Lemma

1.7 implies that cG e 0M° on [ar. b].
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Lemma 2.1.   If G e 0M° or 0A° on [a, b],  G e 0B° on [a, b] and H £ 0L°

on  [a, b], then HG £ 0M° and 0A° on  [a, b] [A, Theorem 2, p. 494], [3, Theorem

3.4, p. 301].

Theorem 2.   // fb G2  exists, ¡b G exists,  H £ 0L° on  [a, b]   and n>2 is

an integer, then HG" e 0M° and 0A° on  [a, b].

Proof.   Since  G 6 OL14  on  [a, b] [Lemma l.l], it follows that HG"~2 £ 0L°

on  [a, b].   Therefore, since G2 e 0/1° on [a, b] [Lemma 1.5] and G2 e 0B° on

[a, b], it follows from Lemma 2.1 that HGne OM° and  OA° on  [a, b].

Theorem 2 is not true for n = 1.   The author [5, Theorem 10] has shown that

for /   HG to exist for every H e OL° on  [a, b] it is necessary that  G 6 OB° on

[a, b].   However, Davis and Chatfield [2, p. 747] define a function G such that

fb G2  exists, /* G exists and G 4 OB° on  [a, b].

Lemma 3.1.   If    II   (l + G) exists and is not zero and   f   G exists, then
'a J a

G eOL14   on [a, è] [6, Theorem 9].

The conclusion of Theorem 9 [6] states that G £ 0L° on [a, ¿>].   However,

the argument used to establish this also establishes that   G £ 0LX4  on  [a, fc].

Lemma 3.2.   //  fb HG exists, G > 0 on [a, b], H e 0L° on [a, b] and H is
*   j a —

bounded away from zero on [a, b], then   f   G exists.

Proof.   There exists a subdivision  I*  Sq oí [a, b] such that if  1 < a < n,

then H does not change sign on   (x     ,, x ).   Hence, HG e OB° on  [x      ,, x ],
do q—iq ' q—lq

and thus, HG e OB° on [a, b].   Therefore, since H~x e OL° on  [a, ¿>] and HG e

0A° on [a, b] [Lemma 1.5], it follows from Lemma 2.1 that   fb G exists.
-' a

Lemma 3.3.   // aII   (1 + G) exists and is not zero and G > - 1  072  [a, b],

then ¡h In (1 + G) exists [6, Theorem A].

Lemma 3.4.   //  „II   (l + G) exists and is not zero and  fb G exists, then
'a Ja'

fb G2  exists.

Proof.   Since  G e OL      on [a, b] [Lemma 3.1], there exists a subdivision

D = ix  !g of [a, b] such that if 1 <a <n and x < x < y < x , then   |G(x, y)| <

lA.   Let F be the function such that

(1) Fix, y) = G(x, y) if x f/ D and y ^ D, and

(2) Fix, y)= 0 if x £ D or y e D.

Therefore, flII   (l + F) exists and is not zero by Lemma 1.7, and Jb F exists by

Lemma 1.6.   Thus, from Lemma 3.3, /* ln(l + F) = fb 2°° , (- l)n~xFn/n exists,
J a J a     n~i
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and hence,

exists.   Thus, since - % + S°° , (- l)"_1F"_2/n is in 0L° on  [a, ¿>] and is

bounded away from zero on [a, b], Lemma 3.2 implies that /   F    exists.   There-

fore,   /   G    exists by Lemma 1.6.

Theorem 3.    //    II    (1 + G)  exists and is not zero,   (b G exists and c  is a
i   a '  J a

number, then cG e 0M° and 0A° on [a, b].

Ulli  i_.cnunca   J.-t  Liiai

follows from Theorem 1.

Proof.   It follows from Lemma 3.4 that   f   G     exists.   Therefore, Theorem 3
J a '

Theorem 4.   //    II   (l + G) exists and is not zero,   \° G exists, H £ 0L°
'a J a

on  [a, b] and n > 2  is an integer, then HG" £ 0M° and 0A° on  [a, b].

Proof.   It follows from Lemma 3-4 that   f   G    exists.   Therefore, Theorem 4
J a 7

follows from Theorem 2.

Lemma 5.1.   // each of    II   (1 + G) and    II   (l - G) exists and is not zero,

then G  is bounded on   [a, b]  [7, Lemma 6.1].

Lemma 5.2.   // each of    II   (1 + G) and    II    (1 - G) exists and is not zero,
' '   a a

then  G £   OL14  on  [a, b].

Proof. Let p £ (a, b]. It follows from Lemmas 5.1 and 1.3 that G £ 0Q° and

- G £ 0Q° on [a, b]. By applying this result and the Cauchy criterion for product

integrals, we have that

(1) 0 = limxy^i)_i[l +G(x,p)]- [1 + G(x,y)][l + G(y, p)]i

= limx y^pAGix, p) - Gix, y) - Giy, p) - G(x, y)Giy, p)}, and

(2) 0 = tim^^Jtl - Gix, p)] -[I- Gix, y)][l - Giy, p)]}

= lim'      ft_ t- Gix, p) + Gix, y) + Giy, p) - Gix, y)GÍy, p)¡.
x t y~+ p

Thus,

(3) 0 = limx y^p_ [Gix, p) - Gix, y) - G(y, p)], and

(4) 0 = lim 'I Gix,y)Giy,p).

Note that limits (1), (3) and (4) are the same as limits (2), (1) and (3), respectively,

in Theorem 9   of a previous paper of the author [6].   It follows that G(p~, p)

exists by the argument used in Theorem 9 [6].   Thus, it follows from (3) and the

existence of Gip~, p) that  Gip~, p~) exists and is zero.   Therefore, since

right limits can be treated similarly,  G £ OL       on [a, b].
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Lemma 5.3.   // each of J\b (l + G) and aII   (l - G) exists and is not zero,

then   f    G    exists.
J a

Proof.   Since each of    Ub (1 + G) and    Ub (l - G) exists and is not zero,
a ct

II   (l — G ) exists and is not zero.   Thus, since  G is bounded on [a, b] [Lemma

5.1], - G2 e 0Q° on  [a, b] [Lemma 1.3].   Since G e OL14  on [a, fc] [Lemma 5.2],

there exists a subdivision ix   !"  of  [a, è] such that if  1 < a < n and x  _. < x <

y <x , then   |G(x, y)| < 1.   Thus, since - G    e 0Q° on [a, b], it follows that

G    e 0ß° on [x     ,, x  ] for  1 < q < n.   This is true because if F is a function
q-l'     q —  i  —

such that 0 < F < 1 on an interval [r, s] and F ^ 0B° on [r, s], then - F g' 0Q°

on [r, s]. Therefore, G2 e 0B° on [a, b]. Lemma 1.4 implies that - G2 £ 0M° on

[a, b].   Hence, it follows from Lemma 2.1 that y G    exists.

Lemma 5.4.   If ß > 0,   \G\ < 1 - ß on [a, b], fb G2  exists and Jlb (l + G)

exists and is not zero, then  y G exists [6, Theorem 5Î.

Theorem 5.   17 each of    LT   (l + G) and    II   (l - G) exists and is not zero
1 'a -a

and c  is a number, then cG £ 0M° and 0A° on [a, b].

Proof.   Since  G e OLx    on  [a, b] [Lemma 5.2], there exists a subdivision

D = \x   !"  of [a, b]\ such that if  1 < q < n and x < x < y < x  , then   |G(x, y)\

< Vi.   Let  F be the function such that

(1) Fix, y) = G(x, y) if x 4 D and y 4 D, and

(2) Fix, y) = 0 if x e D or y e D.

Since y G    exists [Lemma 5.3], ya F    also exists [Lemma 1.6].   Further, since

G £ 0LX4 on  [a, &] and  aLTfe (1 + G) exists and is not zero,    IIe (1 + F) exists

and is not zero [Lemma 1.7].   Therefore,  /   F exists [Lemma 5.4], and hence,

f   G exists [Lemma 1.6].   Thus, since   f„ G    exists and   f   G exists, it follows
J a ja Ja 7

from Theorem 1 that cG e 0M° and  OA° on  [a, b].

Theorem 6.   // each of    U   (l + G) and    II   (1 - G) exists and is not zero,
' a a

H e 0L° on [a, b] and n > 2 z's a72 integer, then HG" e 0M° and OA° on [a, b].

Proof.   It follows as in Theorem 5 that   f   G    exists and   f   G exists.   Hence,
Ja Ja ■ '

Theorem 2 implies that HG" £ 0M° and 0A° on  [a, ¿].
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